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Determination of Fricke families 


ICK Sun Eum and Dong Hwa Shin* * 


Abstract 

For a positive integer N divisible by 4, let be the ring of weakly holomorphic 

modular functions for the congruence subgroup T^{N) with rational Fourier coefficients. We 
construct explicit generators of over Q, from which we classify all Fricke families of 

level N. 


1 Introduction 

For a positive integer N, let be the field of meromorphic modular functions for the principal 
congruence subgroup T{N) = {7 G SL2(Z) | 7 = /2 (mod N)} whose Fourier coefficients belong 
to the Nth. cyclotomic field Q(Civ) where Ca = It is well known that is generated 

over Q by the elliptic modular function j(r) (r G H, the complex upper half-plane), and Nn is 
a Galois extension of with 


Gal(J-jv/-Fi) ~ GL2(Z/iVZ)/{±/2} 


( 1 ) 


(see §2). For N >2 we let 

Vn = {v G I V has primitive denominator N}. 

We call a family {/iv(T)}vgVjv of functions in Wat a Fricke family of level N if it satisfies the 
following three conditions: 

(FI) Each h^{T) is weakly holomorphic (that is, holomorphic on H). 

(F2) /iv(7‘) depends only on ±v (mod 1?). 

(F3) hviry = for all 7 G GL2(Z/A^Z)/{±/2}, where *7 means the transpose of 7. 

There are two important kinds of Fricke families {/v(t)}v and {fi'v(T)^^'^}v) one consisting of 
Fricke functions and the other consisting of 12Ath powers of Siegel functions (see They are 
building blocks of fields of modular functions and groups of modular units ([H Chapter 2] and 
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[8l Chapter 6]). Furthermore, their special values at imaginary quadratic arguments generate 
class fields over the corresponding imaginary quadratic fields (i, in and ^Hl Chapter 10 ]). 

In this paper we shall classify all Fricke families of level N when = 0 (mod 4 ) (Theorems 
Olio and Corollary I 6 . 3 p . Moreover, if we weaken the condition (FI) as 

(Fl') every /iv('r) is holomorphic on El except for the set { 7 (C 3)5 7(C4) I 7 ^ SL2(Z)}, 

then we can also determine all families {/iv('r)}vGVjv functions in Tjv satisfying (FI'), (F 2 ) 
and (F 3 ) for arbitrary level > 1 (Theorem 17.41 and Remark 17 . 51 ) . 


2 Galois actions on functions 


In this section we shall briefly describe the actions of the group GL2(Z/A^Z)/{±/2} ~ Gal{T]sf /Ti) 
on the field Tjv based on [ 9 l §6.1-6.2]. 

For a positive integer N, GL2(Z/A^Z)/{±/2} has a unique decomposition 

1 ol 


0 d 


Gn ■ SL2(Z/ArZ)/{±/2} with Gn = 

This group acts on the field Tat as follows ([HI §6.1-6.2]): Let 

Cnq 


d G {ZjNZy 


h{T)= Y. (CnGQ(Civ), g = e2--). 


n'^—oo 


(Al) The matrix 


1 0 
0 d 


G Gat acts on /i(r) as 


fc(T)[o 3 ] = 




n^—oo 

where ad is the automorphism of Q{Cn) given by = (fj. 

(A 2 ) The matrix 7 G SL2(Z/A^Z)/{±/2} acts on /i(r) as 

= ihoy){T), 

where 7 is any preimage of the reduction SL2(Z) —)• SL2(Z/AlZ)/{±/2}. 

Lemma 2 . 1 . Let {/iv(r)}veVjv ^6 a Fricke family of level N > 2 . Then, GL2(Z/A^Z)/{±/2} 
acts on {/iv(''‘)}v transitively. 

Proof. Note by (F 3 ) that GL2(Z/NZ)/{±/2} acts on the family 
a/N 


b/N 
such t 


G Vat, so gcd(a, 6) is relatively prime to N. If we take any 7 = 
lat det(7) is relatively prime to N, then we find by (F 3 ) that 


r)}v Let V = 
a b 
c d 


G M2(Z) 


hv 


This implies that GL2(Z/A1Z)/{±I2} acts on {/iv(T)}v transitively. 


('^) = = ^v(r). 


a/N 

b/N 


□ 


Remark 2 . 2 . Roughly speaking, {/iv(' 7 ‘)}v is completely determined by its component /ij-i/Arj (t) 
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3 Fricke and Siegel functions 

For a lattice A in C, we let 


52(A) =60 ^ 53(A) = 140 ^ ^ and A(A) = 52(A)^ - 2753(A) 


A 4 

aga\{o} aga\{o} 

The elliptic modular function j('r) is defined by 


j(r) = 1728^1^ = 1728 (l + 


A(r) 


A(t) 


(r G M), 


(2) 


where 52 (t) = 52([r, 1]), 53 (r) = 53([r, 1]) and A(r) = A([r, 1]). This generates the ring of 
weakly holomorphic functions in Ti over Q (O Theorem 2 in Chapter 5]). 

The Weierstrass p-function relative to A is given by 


p(z; A) 


AgA\{0} 


{z-Xf 



(z G C). 


For each v 


vi 

V 2 


G we dehne the Fricke function fv{T) by 


Mr) = - 2 ^ 3 ' 


7g5 52(r)53(r) 


A(t) 


pv(r) (r G H), 


where Pv(t) = p{viT + 02 ] [r, 1]). 

Furthermore, the Weierstrass a-function relative to A is given by 


a 


{z-A) = z n 

AeA\{0} 


Taking logarithmic derivative yields the IFeierstrass C,-function as 


C(^;A) = yiTTTTV = 7+ 2^ 


a{z]K) z 


AeA\{0} 


—+ ^ + ^| (zeC). 


( 3 ) 


Since A) = —piz] A) is periodic with respect to A, for each A G A there is a constant ^(A; A) 
so that 

C(2; +A; A) - C(^; A) = 5(A; A) (z G C). 


For each v = 


\ Z2, we then define the Siegel function 5v('r) by 


g^{T) = + ^2; [r, l])g{M {r G H), 


( 4 ) 


where 

00 

5(r) = n ^ 

n=l 
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is the Dedekind rj-function which is a 24th root of A(r) ([ 8 l Theorem 5 in Chapter 18]). By the 
g-product expansion of the Weierstrass cj-function we get the expression 


gy(r) = —e"’'2(«l-l)g(l/2)B2(i;i)|-]^ _ gt>ig27rTO2^ 




n+h?! 2niv2 > 


q'"' -"e- ^)(1 - q'" “"e 


n—vi — 27 Tiv 2 > 


n=l 


where B 2 (x) = x^ — x + l/ 6 is the second Bernoulli polynomial ([U Chapter 19, §2]). Note that 
5 (v(t) has neither zeros nor poles on H. 

Proposition 3.1. If N >2, then {/v(T)}vGVAr o,nd {5v(T)^^^}vGVAr o,re Fricke families of 
level N. 


Proof. See [HI Chapter 6 , §2-3] and 0 Proposition 1.3 in Chapter 2 ]. 


□ 


Remark 3.2. We call a function /i(t) in Tjv a modular unit of level > 1 if both /i(r) and 
are integral over Q[j(T)]. As is well known, /i(r) is a modular unit if and only if it has 
neither zeros nor poles on H(| 6 l p. 36] or [21 Proposition 2.3]). Thus is a modular 

unit of level N for every v G Vat with N >2. Moreover, g^ir) is a modular unit of level 12A^^ 
([HI Theorems 5.2 and 5.3 in Chapter 3]). 

For later use, we need the following lemma. 

Lemma 3.3. Let u, v G \ Z^. 

(i) ITe have the assertion that /u(t) = /v(t) if and only if u = ±v (mod Z^). 

(ii) If ±v (mod Z^), then we get the relation 

x 3 5u+v(t)®£/u-v(t)® 


(/u(t) - U{T)f = 2^^2f>j{TY{j{T) - 1728) 


9u(T)12gv(r)12 


(iii) For each 7 G SL 2 (Z), we get {gvO'y){T) = (gt^vir) for some 12th root of unity ( depending 
only on 7 . 

Proof, (i) See [H Lemma 10.4] and definition ([3|). 

(ii) See [HI Theorem 2 in Chapter 18] and definitions ([ 2 ]), ([3]) and dH). 

(iii) See [3 Proposition 2.4]. □ 


4 Rings of weakly holomorphic functions 

For an integer N > 2, we denote by Frjv the set of all Fricke families of level N. Then, Fr^v 
becomes a ring under the operations 


{/iv(t)}v + {A:v(r)}v = {(hv + A:v)(r)}v, 

{/iv(r)}v • {/cv(t)}v = {(hvA:v)(T)}v 


(5) 
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For a positive integer iV, let be the field of meromorphic modular functions for the 

congruence subgroup 


r^N) = i7ESL2(Z) I 7 = 


1 0 
* 1 


(mod N) 


with rational Fourier coefficients. Furthermore, we let Ojy(Q) be its subring consisting of weakly 
holomorphic functions. 


Lemma 4.1. Let {/iv(t)}v E Fr^v with N >2. Then, ('^) belongs to Oj^ 


Proof. For any 7 E 


a b 
c d 


IT] 


E F^(A^), we find that 
{tV = \[i/7Vj('r) by (F3) 


= ^ra/ivl(^) 

b/N 

= hri/^i (r) by the fact a = 1, 6 = 0 (mod N) and (F2). 


‘ITI 


Thus (r) is modular for F^(A''). 


Now, let a = 


1 0 
0 d 


E Gn- We get by (F3) and (F2) that 

h\i/N] (t)" = h \i/N] M = /iri/ATi (t). 


IT] 




which shows that (r) has rational Fourier coefficients by (Al). 

Moreover, since (t) is weakly holomorphic by (FI), it belongs to Ojy 

Thus we obtain by Lemma 14.11 a ring homomorphism 

07V • FrTv —)• Oj,f(Q) 

{/Iv(t)}v eA /l^i/7Vj(T)- 


□ 


( 6 ) 


Lemma 4.2. Let N >2, and let a and b be a pair of integers such that gcd(a, 6) is relatively 


prime to N. Let (3 = 


a b 
c d 


and f}' = 


a b 
c' d' 


be matrices in M2(Z) such that det(/3) = 


det(/3') = 1 (mod N). Then, there is a matrix a E F^(A^) so that af3 = (3' (mod N). 


Proof. Take a = 


a/3 = 


1 0 
c'd — cd' 1 


E F^(Ai). One can readily show that 


d det( 7 ) + c(— det( 7 ') + 1) d' det( 7 ) + d{— det( 7 ') + 1) 
due to the fact det(/3) = det(/3') = 1 (mod N). 


= /3' (mod N) 


□ 
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Theorem 4.3. If N >2, then Fr^r and are isomorphic via the map (fjy given in Q. 

Proof. Let {/iv(f)}v G ker((/)), so </>Ar({/iv(F)}v) = ^j'l/Arj (f) = 0. Then we get by Lemma 


o that h-vir) = 0 for all v E Vat. This shows that (pjsf is one-to-one. 

'a/N 


Now, let h{T) E 


For each v = 


b/N 


E Vat, we take any /? = 


a b 
c d 


such that det(/3) = 1 (mod iV), and set /iv(r) = h{T)^. We claim that /iv(f) is well-defined 

a b 

independent of the choice of /3. Indeed, if /3 = 
det(/3') = 1 (mod N), then we see that 


E M2(Z) 
1 -defined, 

is another matrix in M 2 (Z) such that 


/i(r)^ = /i(t)“^ for some a E r^(A^) by Lemma 02] and ([I]) 

= h{T)^ since h{T) is modular for r^(A^). 

Since /i(r) is weakly holomorphic, so is /iv(t) = /i(r)^ by (A 2 ). Furthermore, h^ir) depends 


only on ±v (mod Z^) by ([T|). Let 7 = 


X y 
z w 


E GL 2 (Z/A^Z)/{±/ 2 }- We derive by considering 


7 = 


a b 
c d 


as an element of SL 2 (Z/A^Z)/{±/ 2 } that 


hviry = /i(r)Lc d 


a b 


y 1 

VZ w \ 


r ax-\-hz ay-\-hw 
— y^(^q-'^\_cx+dz cy+dw 


= ( /l(r)[o det(7) 


ax+bz ay+bw 

(cx+dz) det {j)~^ (cy+dw) 


= h{T) 
= h 


ax+bz ay+bw 

det{'‘))~^ {cx+dz) det(7)~^ (cy+dtp) 


(ax+bz) /N 
(ay+bw) /N 


^\X Z 1 

[y w\ 

= ^‘7v(f) 


a/N 

b/N 


(r) because 

1 (^) 


since h{T) has rational Fourier coefficients 
E SL2(Z/1VZ)/{±/2} 


ax+bz ay+bw 

det('y)~'^ (cx+dz) det('y)~^ (cy+dw) 


Thus the family {hv(r)}v satishes (F3). Lastly, since 

4>n{{K{t)}v) = /i^l/ATj (f), 

(f>N is surjective. 

Therefore, we conclude that FrA? and ©^^(Q) are isomorphic via the map 


□ 
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1 * 
0 1 


(mod N) > and ojn = 


5 Conjugate subgroups of SL 2 

For a positive integer N, let 

ri(iv) = | 7 gsL 2 (z) I 7 = 

From the observation 

lon 

we note that r^(A^) and Fi(A^) are conjugate in SL 2 (K), namely 

= ri(iV). 


i/Vn 0 ' 
0 Vn 


a b 

= 

a 

b/N 

for all 

a 

b 

c d 


Nc 

d 


c 

d 


G SL2(M), 


(7) 


Let J^i,Ar(Q) be the field of meromorphic modular functions for Xi{N) with rational Fourier 
coefficients. One can readily check that the relation ([7|) gives rise to an isomorphism 


J^l,N 


■pi 

■Tn 


H-r) = En»-oo Cng" ^ {ho U}n){t) = h{T/N) = En»-oo Cn? 


n/N 


( 8 ) 


with inverse map /(r) 1 -^ (/ o = /{Nt). Furthermore, we let Oi,Ar(Q) be the subring 

of Xi^n{Q.) consisting of weakly holomorphic functions. Since the map in ([ 8 |) preserves weakly 
holomorphicity, it induces an isomorphism 


Oi^N 


Oh 


(9) 


Let Xi{A) be the modular curve corresponding to the group Fi(4). It is well known that 
Xi{A) is of genus 0 with three inequivalent cusps 0, 1/2 and ioo (Op. 131]). Moreover, the 
function 


9ia{t) 



(l_g4n+2)(i _^4n-2)\ 

(1 - g4’^+i)(l - j 


generates the function field C(Xi(4)) of ^i(4) over C, having values 16, 0 and 00 at cusps 0, 
1/2 and zoo, respectively ([SI Theorem 3 (ii)] and (TJ Tables 2 and 3]). Since 31 , 4 (t) has rational 
Fourier coefficients, we obtain by 0 Lemma 4.1] that 


-7'i,4(Q) = Q (51,4(1-)) • (10) 

Lemma 5.1. Let c G C. Then, 51 , 4 (r) — c has neither zeros nor poles on H if and only if 
c G {0,16}. 

Proof. See O (4)]. □ 

Theorem 5.2. ITe get the following structures. 
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(i) Oi, 4(Q) = Qbi,4(T),fifi,4(r) \ (5i,4(r) - 16) ^]. 

(ii) = Q[gliT), glir)-^, {gl{T)-16)-^], where gUr) = c/i^4(t/4 ) = 5^i/4j (T)“®5^i/2j ('t)®- 

Proof, (i) Since gi, 4 (T) and (gi,4(r) — 16) are modular units in J^i,4(Q) by Lemma ISTTl and 
([ini), we get the inclusion C>i,4(Q) 2 Qbi,4(T),5'i,4(r)“\ (51,4 ('t) - 16)“^]. 

Conversely, let /i(r) G Cli,4(Q). By (fTOjl we can express /i(r) as /i(r) = A{gi^4{T))/B{gi^4^{T)) 
for some polynomials A{x), B{x) G Q[x] which are relatively prime. Suppose that B{x) has a 
zero c G Q not equal to 0 or 16. We note by Lemma lSTTl that 5 'i,4(to) —c = 0 for some tq G H, from 
which it follows that B{gi^i{To)) = 0. But since A{x) is not divisible by (x — c) in Q[x], we get 
A{gi^i{TQ)) 7^ 0. This contradicts that /i(r) is weakly holomorphic. Thus B{x) has no zeros other 
than 0 and 16, which implies the converse inclusion C)i,4(Q) C Q[5i,4(r),5 (i^4(t)“^, (5(i^4(r) — 
16)-']. 

(ii) This follows immediately from (i) and the isomorphism given in ([9]). □ 


6 Generators for N = 0 (mod 4) 

Now we shall present explicit generators of the ring O)y(Q) over Q when iV = 0 (mod 4). This 
amounts to classifying all Fricke families of level N by Theorem 14.31 

Proposition 6.1. If N >2, then we get iff) = l^i(/|'i/7vj (t))- 
Proof. We recall that Fm is a Galois extension of Fi with 


GA{Fn/Fi) ~ GL2(Z/iV(Z)/{±l2} ~ Gn ■ SL2(Z/A^Z)/{±/2}. 

Note by (Al) and (A 2 ) that Fjq is a Galois extension of J^j^r(Q) with 

GA{FN/Fl,{q)) ~ G,v • It e SL2(Z/iVZ)/{±l2} I 7 = ± 

Let F = J^i(/|'i/Arj (r)). Since {/v(T)}veViv £ FrAf by Proposition 13.11 we get the inclusion F C 

G SL2(Z/iVZ)/{±/2} 


1 0 
* 1 


(mod N) > . 


a b 
c d 


.F^(Q) by Lemma ICT Suppose that 7 = aft with a G Gn and ft = 
leaves /j'l/Arj (t) fixed. We then derive that 

/^i/ivj('r) = {f^i/Nj{rTf 

= /j'l/Arj (t)^ since /j'l/Arj (t) has rational Fourier coefficients 


= /. 
= / 


4T] 


(r) by (F2) and (F3) 


a/N 

b/N 


(t). 








Thus we get 6 = 0 (mod N) and a = d = ±1 (mod N) by Lemma 13.31 (i) and the fact 
/3 G SL 2 (Z/A^Z)/{±/ 2 }- This argument implies F D T'^(Q) by Galois theory. Therefore, we 
conclude that F = (t)) = -^Ar(Q)- D 


When N > 8 and = 0 (mod 4), we consider a function 

/riwi('^) - fiimir) 


fhir) = 


[T]' ’"4T] 


(r G H). 


/|■l/4j i^) - /|■l/2j (t") 

It is a modular unit belonging to Ojy(Q) by Proposition 13.11 Lemmas 13.31 fii and 14.11 


Theorem 6.2. If N > 8 and N = 0 (mod 4), then we have 

OUQ) = Olmifhir)] = Q[9liT),9l{T)-\ iglir) - 16)-\/^(r)]. 


Proof. It is obvious that Ojy(Q) 3 04 (Q)[/^(r)]. 

For the converse inclusion, let /i(r) G Ojy(Q). Note by Proposition 16.11 and Lemma l4.II that 

So we can express h = h{T) as 


/i = co + ci/H- ^ 


( 11 ) 


where d = [J-'^((Q) : J^KQ)] and cq, ci,..., Cd_i G Multiplying both sides of (fTTI) by 

1 , /,..., respectively, yields a linear system (with unknowns cq, ci, ..., Cd-i) 


■ 1 / •• 



Co 


h 

/ f •• 

• f 


Cl 

= 

fh 

Jd-1 fd .. 

1 

(M 

1 


Fd-l. 


1 

1 •• 

1_ 


By taking the trace Tr = Trj'^(Q)/j'i(Q) both sides we obtain 


Co 


Ti{h) 


■ TV(1) 

Tr(/) • 

1- 

7 

Cl 

= 

Tvifh) 

with T = 

TV(/) 

Tr(/2) • 

• Tr{f) 

_Cd-l_ 


Trif-^h)_ 


Tr(fd-i) 

Tr(/'^) • 

-1 

(M 

1 

. (N 


Since every Tr(=f:), appeared in the above expression, lies in O^Q), we get 

Co, Cl,... ,Cd-i G det(r)“^C>4(Q). (12) 


If we let /i, / 2 ,..., fd be all the Galois conjugates of / over 

E d fO ... s;^d fd-l 

k=l J k 2-^k=l ^ k 2^k=l J k 

E d rl n 

k=l J k Z-/fc=l J \ 


det(T) = 


fl 


E d rd—1 fo 

k=lJk Z^k=lJk 


E a fd 

k=l J k 

y^ci f2d— 

l^k=l Jk 


, then we find that 
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/? /2° 

A' /I 


fd—1 fd—1 

Jl J2 


/] 


fd—l 

Jd 


/? fl 
/2° fl 

pO fl 


fl 


d-l 


pd-l 


fd—l 

Jd 


ff /i 

= {fm — fn)^ by the Vandermonde determinant formula. 

l<m<n<d 

On the other hand, since /ri /21 ('^) a-iid /riMi (t) belong to J^KQ), each {fm — fn) is of the form 


|■l/2j ana /|■l/4j 

/[a/iVlW -/[l/2j A) /rc/iVl(^) -/ri/2l(T) f\a/N^{T)- f\c/N^iJ) 


fm fn — 


n/N 

b/N 


c/N 

d/N 


IT]' 


2/N 

b/N 


c/N 

d/N 


/|■l/4j A) -/|■l/2j A) /|■l/4j A) -/|■l/2j A) /ri/41 A) -/[1/21 A) 


for some 


a/N 

b/N 


c/N 

d/N 


G Vat such that 


a/N 

b/N 


A ± 


c/N 

d/N 




(mod Z^). Thus det(T) is a 


modular unit in by Lemma 13.31 (i), from which it follows by m and m that /i(t) G 

C’ 4 (Q)[/Ar(T)]- Therefore we achieve the inclusion Ojy(Q) C Cl 4 (*Q)[/Ar('^)]i as desired. □ 


Corollary 6.3. Let N > 8 and N > 0 (mod 4). For each v = ^ 

“ b/N 

fv{T) ~ f{N/2)v{j' 


G Vtv? 


\g{N/A)v{V J 


Sv(r) = 


/(A/4)v('r) - /(A/2)v('r) 


Then, a family {/iv(r)}veVjv of funetions in Fn is a Fricke family of level N if and only if there 
is a polynomial P{x, y, z, w) G Q[x, y, z, rc] so that 

hy,{T) = P(rv(T),rv(T)“\ (rv(r) - 16)"\ Sv(t)) for all v G Vat. 


Proof. Take any 7 = 


a b 
c d 


G M 2 (Z) such that det( 7 ) = 1 (mod N). We find by (Al), 


Lemma 13.31 fiiil and Proposition 13.11 that 

w(t) = gliry and s^{t) = fkiry- 
Now, the result follows from Theorems 14.31 (with its proof) and 16.21 


□ 


7 Weak Fricke families 

Let H' = H \ {7(C3))7(C4) I 7 ^ SL 2 (Z)}. For a positive integer N, let O)y^(Q) be the ring of 
functions in J-'^(Q) which are holomorphic on EI7 

Lemma 7.1. /{t) gives to rise a bijection j{T) : SL 2 (Z)\]HI ^ C such that j^Cs) = 0 and 
j{a) = 1728. 
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Proof. See [H Theorem 4 in Chapter 3]. □ 

Theorem 7.2. We have 0}'(Q) = - 1728)“^]. 

Proof. By Lemma [7T] we get the inclusion Oj'(Q) D Q[j(T),j(T)~^, (j(T) — 1728)“^]. 

Now, let /i(r) G Since = QUir)), we have /i(r) = A{j {t)) /B{j (t)) 

for some polynomials A{x),B{x) G Q[x] which are relatively prime. Suppose that B{x) has 
a zero c G Q not equal to 0 and 1728. Since j(To) = c for some tq G H' by Lemma 17.11 we 
have B{j{To)) = 0. But since A{x) is not divisible by {x — c), we see that A(j(To}) ^ 0, which 
contradicts that /i(t) is holomorphic on H'. Thus we conclude that 0 and 1728 are the only 
possible zeros of B{x). This proves the converse inclusion Ol'(Q) C Q[J(T),J(T)~^,(j(r) — 
1728)-^]. □ 

Lemma 7.3. Modular units of level 1 are exactly nonzero rational numbers. 

Proof. See [71 Lemma 2.1]. One can also give a proof by using Lemma l7.II □ 

Theorem 7.4. If N >2, then we obtain 

On\Q) = Or(Q)[/^i/ivj(T)] = - 1728)“\/^i/7vj(r)]. 

Proof. Since /j'l/Arj (t) is weakly holomorphic, we get the inclusion Ojy'(Q) D Cii^(Q)[/|'i/ 7 vj (''“)]■ 

For the converse inclusion, let /i(t) G 0}^'(Q). Since is generated by / = /j'l/Arj (r) 

over = B^(Q) by Proposition 16.11 we can write 

h = Co + Cl/ + • • • + Cd-if^ ^ (13) 

where d = [T'^(Q) : T'j^(Q)] and cq, ci,..., Cd-i G If /i, / 2 ,..., /^ denotes all the Galois 

conjugates of / over T'j'^(Q), and D = ni<mn<d(/m “ fnf'-, then one can show that 

co,ci,...,Cd_i G T>"^C>('(Q). (14) 


as in the proof of Theorem 16.21 By Lemma 13.31 (ii) we see that each (fm — fn)^ is of the form 

tf r 1^0013 fi'u+v('F)®5'u-v('F)® 

Um-fn) =2 3 j(r) (j(r)- 1728) -— 

9\iV ) 9vv) 

for some u, v G Vat such that u ^ ±v (mod Z^). It follows by Lemma 17.31 that 
D = c/(T)'^i‘^-^i/3(j(r) - 1728 )<'^-i)/ 2 foj. some nonzero c G C. 


Since D G -T^Q) = Q(/(t)), we must have d{d — l)/3 G Z and c G Q. Therefore we achieve 
by Theorem 17.21 (I13p and (fTT|) that /i(r) G 0|^(Q)[/|-i/jvj (t)]. Hence the inclusion Ojy'iQ) C 

C’r(Q)[/^i/Arj (t)] also holds. □ 
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Remark 7.5. For N > 2, let Fr^ be the set of weak Fricke families of level N, namely, 
the families {/iv(T)}vgVjv of functions in Tn satisfying (FI), (F2') and (F3). It is also a ring 
under the operations as in ([5]). In a similar way to the proof of Theorem 14.31 one can readily 
show that Fr^Y is isomorphic to Therefore, we deduce by Theorem 17.41 that a family 

{/iv(T)}veVjv of functions in is a weak Fricke family of level N if and only if there is a 
polynomial P{x,y,z,w) G Q[x,y, z,w] so that 

/iv(T) = P(j(T), j(r)“\ (j(T) - 1728)"\/^i/Arj(r)) for all v G Vn- 
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